ECE 374 B Midterm 1 Solutions Fall 2022

1 Short Answer(3 parts) - 40 points

No explanation is required for your answers for full credit. Keep any explanations of your answers
to 2 sentences maximum.

a. Consider the inductive definition of a language MYSTERY:

* 0 € MYSTERY
e If w € MYSTERY, then wl € MYSTERY

¢ If w € MYSTERY, then 0w € MYSTERY

Give a regular expression for this language.

Solution: 0*01* [ |

b. Consider the following context free grammar:

S—AB | B
A—e | aA
B — bBc | bc

Show the sequence of rules that can be used to derive aabbcc

Solution:
S ~» AB (S - AB)
~> aAbBc (A— aA, B — bBc)
~> aaAbbcc (A— aA, B — bc)
~> aacbhbcc = aabbcc (A—€)
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c. Suppose L, is a regular language, L, is a non-regular language, and we want to examine a
new language L.

Which of the following claims are necessarily true? For each claim that is not necessarily true,
give a counter example. A counter example must specify L, L, and L.

i. If L =Lz NLg, then L is regular.

Solution: False. Counter example: any selection L, that is a subset of the chosen
L, would work. For instance,

Ly :={0"1" | n>0}

L, :=0*1*

=L=L,NL,
={0"1" | n>0}
= LNR

ii. If Ly, =L N Lg, then L is non-regular.

Solution: True. Regular languages are closed under intersections. If the statement
is false, then there exists two regular languages whose intersection would be
non-regular, which violates this rule. [ |

iii. If L, = Lyz N L, then L is non-regular.

Solution: False. Counter example: any selection L, that is a subset of the chosen
L would work. For instance,

Ly :={0"1" | n>0}

L, =@
LR:LNROQ
>L=g
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2 Language Transformation - 20 points

Let > = {0, 1} and let L be an arbitrary regular language over ..
Define the operation TwolsWiLD(L) as follows:

TwoIsWiLD(L) = {abx |a € X,b € 23,acx € L for some c € L}.

To summarize in words, every string (of length 2 or longer) in L is also in TwoIsWiLD(L).
Additionally, you can take any string w from L, change the 2nd character to anything you want,
and the resulting string will be in TwoIsWiLD(L).

Show that TwoIsWriLD(L) is regular by constructing an NFA. You may assume a DFA for L
exists as (Q, X, 8,s,A).

Solution: Let M = ((Q,X,,s,A) be a NFA that accepts L. We construct a new NFA
M’ =(Q,%’,8’,s’,A’) that accepts TwoIsWiLD(L) as follows.

We need to track how many elements have read in to know when we can allow a "wild"
element. To do this we use 3 markers to indicate zero, one, and more than one elements.
The transition from zero elements to one element is done according to the original NFA
we just switch the marker to indicate we have read one element. The states able to be
transitioned to from one element to two elements follows the original NFA, however the
transitions can be done with any input to accomodate the TwoIsWiLD property. We also
switch the marker to indicate we have read more than one element. When we have more
than one elements the transitions once again follow the original NFA just with the more
than one element marker. The accepting states are the original NFA accepting states with
the more than one element marker.

¥ =x={0,1}

Q' = Q x {zero,one,more} (the three markers)
s’ = (s, zero)

5'((s,zero),a) = {(6(s,a),one)}
5'((q,one),a) = {(5(q, b), more)} for all b € &
&'((g, more), a) = {(6(g, @), more)}

A’ = A x {more}
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3 Language classification I (2 parts) - 20 points
Let > = {0,1} and
L; ={w| w contains a even number of 0’s and odd number of 1’s}.

1. Is L regular? Indicate whether or not by circling one of the choices below. Either way, prove

1t.
Solution: not regular

The following DFA can accept L;. We use a standard product construction of two
DFAs, one accepting strings with an even number of 0’s , and the other accepting strings
with an odd number of 1’s. The product DFA has four states, each labeled with a pair of
integers. The two factor DFAs (in gray) is left and above for reference.

1

start —><(D/_\ @
0

2. Is L, context-free? Indicate whether or not by circling one of the choices below. Either way,
prove it.

Solution: not context-free

The context-free grammar for L is as follows.

S—0B|1A even number of 0’s and even number of 1’s
A—0C|1S|¢ even number of 0’s and odd number of 1’s
B—0S|1C odd number of 0’s and even number of 1’s
C > 0A|1B odd number of 0’s and odd number of 1’s
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Solution: Alternatively, you could just say that since the language is regular, it must be
context-free. ]
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4 Language classification II (2 parts) - 20 points
Let ¥ ={0,1} and
L, ={w| w contains a equal number of 0’s and 1’s}.

1. Is L, regular? Indicate whether or not by circling one of the choices below. Either way, prove

1t.
Solution: regular

Let F be the language 0.

Let x and y be arbitrary strings in F.

Then x = 0" and y = 0/ for some non-negative integers i # j.
Let z = 11,

Then xz = 0'1' € L,.

Then yz = 0/1' ¢ L,, as i # j, so the number of |0] # |1].
Thus F is a fooling set of L,.

Because F is infinite, L, cannot be regular.

2. Is L, context-free? Indicate whether or not by circling one of the choices below. Either way,
prove it.

Solution: not context-free

The following CFG describes L.
S—S8S|1S0 | 0S1 | ¢

The is very similar to HW1 problem 2b, but we add the “SS" rule to account for strings
that have zeros and ones on the same side. However, there are a few correct solutions to
this. [ |
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